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The goal of the paper is to determine boundary conditions in PDE models of collisions
of microswimmers in a viscous fluid. We consider two self-propelled spheres (microswim-
mers) moving towards each other in viscous fluid. We first show that under commonly
used no-slip boundary conditions on the fluid-solid interface the microswimmers do not
collide which is a generalization of the well-known no-collision paradox for solid bodies
(with no self-propulsion) in a viscous fluid. Secondly, we show that the microswimmers
do collide when the no-slip boundary conditions are replaced by the Navier boundary
conditions which therefore provides an adequate model of microswimmers such as swim-
ming bacteria. The self-propulsion mechanism generates a drag force pulling a bacterium
backwards and the collision problem is reduced to the analysis of competition between
the drag and self-propulsion. For no-slip this is done by utilizing the Lorentz Reciprocal
Theorem and the analytical solution for two solid spheres in the fluid. The analysis for the
Navier boundary conditions is based on the variational formulation of Stokes problem.
A Poincare type inequality for symmetrized gradient is introduced in this work.
Keywords: Self-propulsion, Stokes flow, no collision paradox, Navier boundary conditions
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1. Introduction
In recent years active suspensions became a focus of attention in both biophysical
and mathematical communities. This was motivated by a number of experiments
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highlighting differences between active and passive suspensions and suggesting novel
engineering applications. These experiments (just mention a few) include: decrease
of effective viscosity for active suspensions compared with passive ones with the
same volume fraction of inclusions 1, swimming bacteria rotating small asymmetric
gears 2, enhanced mixing in active suspensions of swimming bacteria 3, collective
behavior of swimming microorganisms E. coli observed 4 through correlations in
swimmer orientations on scales order of magnitude larger than the size of individual
swimmer. We refer also to theoretical works 5,6,7. Swimmer-swimmer interactions
are essential for all of the above phenomena. Therefore, for the mathematical models
to recover the physically observed phenomena it is important to model accurately
these interactions.
Our focus will be on one of the aspects of swimmer-swimmer interactions – colli-
sions. It is hard to perform an experiment with collisions of two swimmers. Instead,
collisions between swimmers and walls have been clearly observed in physical ex-
periments 8,9,10. As we show in this paper, some of the commonly accepted models
of active swimmers in the fluid considered in literature do not allow for collisions
in finite time. In this paper we propose a model that captures finite time collisions.
Modeling of active suspensions consists of several components: fluid motion,
particle (swimmer) motion, particle-fluid interactions, and self-propulsion. Modeling
of fluid motion at the scale of microswimmers (micron scale) by Stokes equation
has been universally accepted. Particles are commonly taken to be rigid bodies. The
interactions between the particle and a fluid are prescribed through the boundary
conditions on the surface of the particle. Existing models of self-propelled swimmers
use no-slip boundary conditions on the entire swimmer’s surface or its part5,11,12,13,
which mean that fluid sticks to the surface and moves with the same velocity as
the boundary. Here we model self-propulsion by a point source term with given
magnitude and direction applied at some distance behind the body7,14. We present
the model in details in Section 2.
For passive suspensions (no self-propulsion) there is a well-known no-collision
paradox 15. It states that two rigid particles with no-slip boundary conditions,
immersed in a Stokesian fluid and pushed towards each other with a constant force
will take infinite time to collide. This is a consequence of an asymptotic relationship
v ∼ h between the velocity v of the spheres and the distance 2h between the spheres
in the limit of small h, which leads to asymptotically exponential decay of the
distance between the particles. It is called a paradox due to a mismatch between
the theoretical predictions of no collisions and the experimental observations of
possibility of collisions.
A possible remedy to the no-collision paradox is to replace the no-slip boundary
conditions by Navier ones. The Navier boundary conditions allow for a slip on the
fluid/solid interface with friction linearly proportional to the slip velocity. The pro-
portionality coefficient β can be related to the surface roughness. Navier boundary
conditions were derived as a rigorous homogenization limit of models of immersed
rigid bodies with mean roughness (size of bumps) of order β when β is small (see
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16). Two passive spheres with Navier conditions on the boundary pushed towards
each other by a constant force will collide in finite time. This follows from an es-
timate on the drag force for a two spheres moving towards each other with a unit
velocity, which was recently proven in 17.
The no collision paradox also holds for active suspensions in the following sense.
Two swimmers moving towards each other in Stokes fluid do not collide in finite
time, see Section 4. We also prove that for sufficiently large initial velocities two
swimmers with Navier boundary conditions, moving towards each other, collide in
finite time, see Section 4. The no-slip boundary conditions have been successfully
used in the study of dilute suspensions of noninteracting swimmers18,7,19, pairwise
interacting swimmers12,14,20 and collective behavior of swimmers11,9.
To recover collisions for more concentrated suspensions (where interactions are
important) the no-slip conditions should be replaced by Navier boundary conditions
(or, possibly by some other conditions).
The key ingredients of our analysis are estimates for the drag force generated
by the propulsion mechanism onto the body of the swimmer. In the analysis of the
model with no-slip boundary conditions we use the Lorentz reciprocal theorem (or
the second Green’s formula for the Stokes equation, see Theorem 5.1) to reduce the
original problem with singular δ-functions to an auxiliary problem without singu-
larities. For the reduced problem the exact solution is known in a form of an infinite
series. The analysis of the model with the Navier boundary conditions is based on
the variational principle for nonhomogeneous Stokes problem, the representation
of the drag force via minimization principle (see Proposition 6.1), and the special
Poincare´-type inequality (Proposition 6.2) are used.
The paper is organized as follows. The models for swimmers with no-slip and
Navier boundary conditions are presented in Section 2. In Section 3 we outline
some relevant results for passive spheres. The main results (no collisions for no-
slip boundary conditions, finite time collisions for Navier boundary conditions) are
presented in Section 4. The proofs of these results are presented in Sections 5 and
6, respectively.
2. PDE/ODE model for microswimmers
We consider the motion of two self-propelled spheres (swimmers). At time t ≥ 0 they
are separated by distance 2h(t) and occupy regions B1 =
{
x : |x− x1c | < 1
}
and
B2 =
{
x : |x− x2c | < 1
}
, see Fig 1.Here x1c = (0, 0,−1−h(t)) and x2c = (0, 0, 1+h(t))
are centers of swimmers’ bodies. Assume that the swimmers are immersed in a
viscous incompressible fluid. The fluid occupies the domain Ωh(t) = R3\(B1 ∪B2).
For a given distance h > 0 the fluid is described by a vector field u which solves the
Stokes problem in Ωh:
−∆u+∇p =
∑
i=1,2
δ(x− xip)fpdi, ∇ · u = 0. (2.1)
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x1c x2cx1p x2p
zλ
d1 d2
h
Fig. 1. Two symmetric swimmers on distance h and with flagellum length λ
Here δ(x) is a delta-function, fp is a positive parameter which represents the inten-
sity of self-propulsion, d1 = (0, 0, 1) and d2 = (0, 0,−1) are directions of the swim-
mers’ motion, x1p = (0, 0,−1− h−λ) and x2p = (0, 0, 1 + h+λ) are ends of bacteria
flagella and λ is the length of flagella. We also assume that ∇(u−uΦ) ∈
[
L2(Ωh)
]3
,
where uΦ(x) = G(x− x1p)d1 + G(x− x2p)d2 and G(x) = 1/8pi(1/|x| · I + xx/|x|3) is
the Oseen tensor.
Equations (2.1) are supplemented by one of two following boundary conditions
on ∂Bi:
u+ h′(t)di = 0; (2.2)
(u+ h′(t)di) · n = 0, (u+ h′(t)di)× n = −2β[D(u)n]× n. (2.3)
The boundary conditions (2.2) and (2.3) are no-slip and Navier boundary condi-
tions, respectively. Here β is a positive parameter, and D(u) = 12 (∇u + (∇u)T ).
Note that if β = 0, then (2.3) becomes (2.2). The vector u+ h′(t)di is the relative
velocity of fluid particles near a swimmer with respect to this swimmer. Navier
boundary conditions (2.3) state that tangential components of relative velocity and
the stress on the boundary are proportional.
For given flow u and pressure p the drag force on sphere ∂Bi is
Fdrag(u) = −
∫
∂Bi
σ(u, p)nds · di, (2.4)
where σ(u, p) = −2D(u) + pI is the stress tensor and n is a normal vector on ∂Bi.
Due to the symmetry of the problem (spheres are identical) the right hand side of
(2.4) does not depend on i = 1, 2. The force balance equation is similar for both
spheres and looks as follows
mh′′(t)−Fdrag(u) + fp = 0, (2.5)
where m ≥ 0 is mass of a swimmer.
We assume that the swimmers do not rotate and, thus, torque balance equation
trivially holds.
Remark 2.1. In the balance equation (2.5) the propulsion enters explicitly in the
third term, fp, and implicitly in the second term, Fdrag(u). We wish to rewrite
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(2.5) in such a way that the propulsion enters only in one of the terms and does
so explicitly. We can consider the drag force Fdrag(u) as a function of distance h(t)
and speed h′(t) in the following sense. For a given distance h(t) and velocity h′(t)
the function u is uniquely determined by the Stokes problem (2.1) with boundary
conditions (2.2) or (2.3). Next our goal will be to explicitly write out the dependence
of Fdrag(u) on h(t) and h′(t). Due to the linearity of the Stokes problem we can
decompose the fluid flow u into two components
u = −h′(t)v˜ + fpw˜, (2.6)
where the first component −h′(t)v˜ is generated by the motion of the spheres and
the second component fpw˜ is due to the propulsion force. The function v˜ and w˜
solve the following Stokes problems
∆v˜ −∇pv˜ = 0 in Ωh(t),
∇ · v˜ = 0 in Ωh(t),
(v˜ − di) · n = 0 on ∂Bi, i = 1, 2,
(v˜ − di)× n = −2β [D(v˜)n]× n,

∆w˜ −∇pw˜ =
∑
i=1,2
δ(x− xpi )di in Ωh(t),
∇ · w˜ = 0 in Ωh(t),
w˜ · n = 0 on ∂Bi, i = 1, 2,
w˜ × n = −2β [D(w˜)n]× n.
Due to the linear dependence of the drag force Fdrag on the flow u we obtain
Fdrag(u) = −h′(t)κpass + fpκprop,
where κpass := Fdrag(v˜) is the drag force on a passive sphere moving with a unit
velocity, and κprop := Fdrag(w˜) is the drag force on a motionless sphere due to a
unit propulsion force. Note that both coefficients κprop and κpass depend on the
distance h.
Using the drag coefficients κprop and κpass, we can rewrite the balance equation
(2.5) as follows:
mh′′(t) + κpassh′(t) + fp(1− κprop) = 0. (2.7)
Now, the self-propulsion parameter enters only the third term in (2.7), unlike
(2.5) where Fdrag(u) depends on fp. If fp = 0, then (2.7) becomes a force balance
equation for passive spheres.
3. Review of known results about collision for passive inclusions
We now briefly review the result for passive spheres.
Consider two unit spheres moving along towards each other along the common
axis z (see Fig 1.).Let h(t) be a half-distance between the spheres. Then the speed
of each sphere is −h′(t). Assume that the external force fext pushes the spheres
towards each other. Denote by Fdrag a magnitude of the drag force of the fluid
computed by the formula (2.4). The force balance on each sphere is
−Fdrag + fext = 0. (3.1)
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From remark 2.1 the drag force Fdrag depends linearly on the speed of the
spheres −h′(t):
Fdrag = −κpassh′(t). (3.2)
The drag coefficient κpass is a function of half-distance h. It also depends on the
parameter β ≥ 0, i.e., it depends on the choice of the boundary conditions.
The dependence of κpass on h for no-slip boundary conditions, β = 0, is known
as a classical result (see, e.g., 15,21). For Navier boundary conditions, β > 0, the
result has been justified recently (see 17):
if 0 < h < β << 1, then κpass  1
β
ln
1
h
, (3.3)
if 0 ≤ β < h << 1, then κpass  1
h
. (3.4)
First, consider no-slip boundary conditions. From (3.4) with β = 0 we may
conclude that for some positive constant C > 0 the following inequality holds:
κpass <
C
h
. (3.5)
Using (3.1), (3.2), and (3.5), we obtain
h(t) > h(0)exp(−Cfextt).
It implies that h(t) can not vanish for any finite t > 0. It says that the distance
between spheres will never become zero, thus they will never collide whatever pos-
itive numbers h(0) and fext are. This contradicts to what happens in real life and
it is known like no-collision paradox.
Secondly, consider Navier boundary conditions. It is sufficient to restrict our-
selves to the case h < β << 1. The relation (3.3) implies that for some positive
constant C > 0 the following inequality holds:
κpass >
C
β
ln
1
h
. (3.6)
Using (3.1), (3.2) and (3.6), we obtain
Ch(t)(lnh(t)− 1)− Ch(0)(lnh(0)− 1) > fextt.
This inequality together with h′(t) < 0 predicts that there exists Tcoll such that
0 < Tcoll < ∞ and h(Tcoll) = 0. Thus, in the case of Navier boundary conditions
collisions do occur.
4. Two main results
4.1. No collisions for swimmers with no-slip boundary conditions
The following theorem is the main result for the problem with the no-slip boundary
conditions.
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Theorem 4.1. Consider coupled PDE/ODE model (2.1),(2.2) and (2.5). Let h(t)
be a half-distance between two swimmers at t > 0, introduced in Section 3. Then
there exist positive constants C1 > 0 and C2 > 0 such that
h(t) > C1e
−C2t (4.1)
for all t > 0.
P r o o f. For simplicity, consider the case without inertia (m = 0). The case m > 0
relies on the same arguments. Let u satisfy (2.1),(2.2) and (2.5). Then u = v + w
where v and w satisfy the following systems of equations:
I.:

∆v −∇pv = 0,
∇ · v = 0,
v = V di,
Fdrag(v) = fpdi,
II.:

∆w −∇pw =
∑
i=1,2
δ(x− xpi )fpdi,
∇ · w = 0,
w = Wdi,
Fdrag(w) = 0.
In both systems, I and II, equalities in the first and the second line are satisfied
in Ωh, equalities in the third line are satisfied on ∂Bi for all i = 1, 2, equalities in
the fourth line are satisfied for all i = 1, 2. If fp and h are given we can find v and
q from the first, the second and the fourth equalities of system I. After that we
can find V ∈ R from the third equality. Similarly, for system II. Thus, there exist
mappings Gv and Gw defined by problem I and problem II, respectively, such that
Gv(h, fp) = V and Gw(h, fp) = W (like the Stokes law for a sphere Fdrag = 6piµU).
The result follows from the following two propositions:
Proposition 4.1. Let V ∈ R be the number obtained from system I (i.e., V =
Gv(h, fp)). Then there exists a positive constant C > 0 such that
V < Cfph. (4.2)
The result of proposition 4.1 follows from the relations (3.5) (see 15,21) and
fp = V κpass.
Proposition 4.2. Let W ∈ R be the number obtained in system II (i.e., W =
Gw(h, fp)). Then the following inequality holds:
W < 0. (4.3)
The proof of proposition 4.2 is relagated to Section 5.
Now (4.2), (4.3) and u = v +w imply that −h′(t) = V +W < Cfph(t). Substi-
tuting it to (2.5) we have
h′(t) > −Cfph(t),
which implies the statement of the theorem. 
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Fig. 2. Dependence of κprop on flagella length λ with h = 0.01 and β = 0.1
4.2. Finite time collisions for swimmers with Navier boundary
conditions
Theorem 4.2. Consider coupled PDE/ODE model (2.1),(2.3), (2.5) and m > 0.
Then there exists a positive constant C > 0 which may depend on h(0), m, β and
λ such that if h′(0) > C, then there exits time Tcoll > 0 such that h(Tcoll) = 0.
Tcoll is time of collision. Quantative etimates on Tcoll which can be compared
with measurements have been obtained in 22 (see also Remark 4.2). The proof
of Theorem 4.2 is relagated to Subsection 6.2. The proof is based on variational
principle and the Poincare type inequality (see Subsection 6.1).
Remark 4.1. The Theorem 4.2 states that swimmers collide if the initial speed is
sufficiently large. Thus, the result on passive spheres is extended on active swim-
mers. But one can expect that swimmers must collide for arbitrary initial speed and
separation distance. This is due to the propulsion force pushing swimmers towards
each other which is absent in the case of passive spheres. In order to prove collisions
without any restrictions on initial conditions and m ≥ 0 one need to show
1− κprop > l(λ, β), (4.4)
where κprop was introduced in Section 3 and represents the drag force on a swimmer
generated by self-propulsion fp = 1 of both swimmers. The function l(λ, β) is a
strictly positive function, it may depend on λ and β, but does not depend on the
swimmer’s separation h. The inequality (4.4) means that the drag force due to
propulsion mechanism (δ-functions in the Stokes equation) is not greater than the
actual propulsion. In other words, the pushing mechanism really pushes swimmers
towards each other.
For fixed roughness parameter β = 0.1 and small separation distance h = 0.01
the force κprop is a function of tail length λ, denote it by g(λ). Numerics suggest
that inequality (4.4) holds for all λ, β > 0. It is optimal in the following sense: when
λ → 0 the function g(λ) = κprop → 1 (see Fig 2). This makes the inequality (4.4)
difficult to prove.
Remark 4.2. It is also interesting to estimate the time before collision Tcoll in
terms of parameter β. Time before collision Tcoll can be evaluated by the following
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formula
Tcoll =
∫ h(0)
0
dh
U(h)
, (4.5)
where U(h) = −h′(t). The following estimate for the collision time holds (fext =
1, h(0) = 1):
Tcoll ∼ 1/β ln(1/h). (4.6)
To estiblish the formula (4.5), one can use (2.7), the assumption (4.4) and the
relation for (3.3). Numerics on collision time are performed in our paper 22.
5. Proof of proposition 4.2
We use the following well-known theorem
Theorem 5.1 (Lorentz Reciprocal Theorem). Assume that equalities ∆u1 −
∇p1 = −F1, ∆u2 −∇p2 = −F2 and ∇ · u1 = 0, ∇ · u2 = 0 hold in domain Ω. Then∫
Ω
F1 · u2dx−
∫
∂Ω
σ(u1, p1)n · u2ds =
∫
Ω
F2 · u1dx−
∫
∂Ω
σ(u2, p2)n · u1ds. (5.1)
Here n is an inward (for Ω) normal vector.
Let us take Ω = Ωh, u
2 = w, p2 = pw and F2 = −
∑
i=1,2
δ(x − xip)fpdi. Let u1
be such function that ∆u1 −∇p1 = 0 (in other words, F1 = 0), and u1 satisfies the
following boundary conditions:
u1 = Wdi on ∂Bi, i = 1, 2.
From (5.1) we get:
W
∑
i=1,2
di ·
∫
∂Bi
σ(u1, p1)nds = fp
∑
i=1,2
di · u1(xip).
The following equality holds:∫
∂Bi
σ(u1, p1)n = Fdrag(u1)di,
and due to symmetry of the problem for (u1, p1) we have
d1 · u1(x1p) = d2 · u1(x2p) = −u1z(x1p), i = 1, 2,
where u1z(x
1
p) is a z-component of u
1(x1p). Thus, we get
W = − fpFdrag(u1)u
1
z(x
1
p). (5.2)
Thus, it remains to prove positivity of uz(x
1
p).
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Lemma 5.1. The following inequality holds
u1z(x
1
p) > 0. (5.3)
P r o o f. We recall that u1 satisfies the following system{
∆u1 −∇p1 = 0, in Ωh
∇ · u1 = 0, in Ωh
u1 = Wdi, on ∂Bi, i = 1, 2.
The proof is divided into three parts. First, the result on p. 247 is 23 is used to
write the exact solution of system above. Second, we calculate u1 at a point x1p,
and, finally, a necessary estimate is obtained.
STEP 1. Exact solution. Introduce cylindrical coordinates for x = (x, y, z)
x = ρ cosφ,
y = ρ sinφ,
z = z.
Denote eρ = (cosφ, sinφ, 0) and ez = (0, 0, 1). Due to the axial symmetry of the
problem we have u1 = uρeρ +uzez where scalar functions uρ and uz do not depend
on φ. Following 23 we introduce the stream function ψ = ψ(ρ, z)
uz(z, ρ) = −1
ρ
∂
∂ρ
ψ(z, ρ), uρ(z, ρ) =
1
ρ
∂
∂z
ψ(z, ρ).
In order to write function ψ we introduce the bipolar coordinates ζ ∈ [0,+∞),
µ ∈ [0, pi] (we need the case z > 0 only)
z = c
sinh ζ
cosh ζ − cos η , ρ = c
sin η
cosh ζ − cos η ,
where c = sinhα and α are such positive number that coshα = 1 + h. Note that
due to the following equality
(z − c coth ζ)2 + ρ2 = (c cosechζ)2
one can easily verify that surface {ζ = α} is the sphere ∂B1. Also we will need the
formula:
ζ + iη = ln
(
ρ+ i(z + c)
ρ+ i(z − c)
)
. (5.4)
The function ψ may be written as follows (see 24,23)
ψ(ζ, η) = (cosh ζ − cos η)−3/2
∞∑
n=0
Un(ζ)C
−1/2
n+1 (cos η),
where
Un(ζ) = bn sinh(n− 1
2
)ζ + dn cosh(n+
3
2
)ζ,
C
−1/2
n+1 (x) =
Pn−1(x)− Pn+1(x)
2n+ 1
.
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Here Pn(x) are the Legendre polynomials
Pn(x) =
1
2nn!
dn
dxn
(x2 − 1)n
and the coefficients bn and dn are given by the following formulas
bn = WR
2 sinh2 α
n(n+ 1)√
2(2n− 1) ×
×
[
4 cosh2(n+ 12 )α+ 2(2n+ 1) sinh
2 α
2 sinh(2n+ 1)α− (2n+ 1) sinh 2α − 1
]
,
dn = WR
2 sinh2 α
n(n+ 1)√
2(2n+ 3)
×
×
[
1− 4 cosh
2(n+ 12 )α− 2(2n+ 1) sinh2 α
2 sinh(2n+ 1)α− (2n+ 1) sinh 2α
]
.
STEP 2. The calculation of u1(x1p). We need to calculate u
1 when z0 = 1 + h + ξ
and ρ→ 0+. In bipolar coordinates it corresponds to
ζ0 = ln
z0 + c
z0 − c and η0 = 0.
Then using (5.4) (to obtain ∂ζ∂ρ and
∂η
∂ρ ), Pn(1) = 1, P
′
n(1) = n(n+ 1)/2 and the
equality
∂ψ
ρ∂ρ
=
∂ζ
ρ∂ρ
∂ψ
∂ζ
+
∂η
∂ρ
∂ψ
ρ∂η
we obtain
uz(z0, 0) = − lim
ρ→0+
1
ρ
∂
∂ρ
ψ(z0, ρ)
= − 2
c2 − z20
(cosh−1 ζ0 − 1)−1/2
∞∑
n=0
Un(ζ0). (5.5)
Since c2 = h(2 + h) we have that c2 − z20 < 0 and the statement of proposition
follows if we prove that Un(ζ0) > 0 for all n ∈ N.
STEP 3. Positivity of Un(ζ0). The nonpenetration condition (u−di) ·n = 0 implies
the following relation between coefficients bn and dn (see, e.g., formula (42) in
25):
bn = Gm − dn sinh(m+ 1)α
sinh(m− 1)α, (5.6)
where m = n+ 1/2 and
Gm =
c2
2
√
2
m2 − 1/4
m2 − 1
[
(m+ 1)e−(m−1)α − (m− 1)e−(m+1)α
sinh(m− 1)α
]
.
The formula for Un(ξ) has the following form:
Un(ξ) =
[
Gm + dn
{
sinh(m+ 1)ξ
sinh(m− 1)ξ −
sinh(m+ 1)α
sinh(m− 1)α
}]
sinh(m− 1)ξ. (5.7)
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Note that
(m+ 1)e−(m−1)α − (m− 1)e−(m+1)α = 2e−mα(m sinhα+ coshα) > 0
Thus,
Gm > 0. (5.8)
Introduce f(ξ) := sinh(m+ 1)ξ sinh(m−1)α− sinh(m−1)ξ sinh(m+ 1)α. Consider
ξ ∈ [0, α]. One can see that f(0) = f(α) = 0. Consider now M := max
ξ∈[0,α]
f(ξ) =
f(ξ0). Assume that M > 0. Then
f ′′(ξ0) = (m+ 1)2 sinh(m+ 1)ξ sinh(m− 1)α− (m− 1)2 sinh(m− 1)ξ sinh(m+ 1)α
> (m− 1)2f(ξ0) > 0,
what is impossiple for maximum. It means that f(ξ) ≤ 0 for ξ ∈ (0, α). Thus,
sinh(m+ 1)ξ
sinh(m− 1)ξ −
sinh(m+ 1)α
sinh(m− 1)α < 0. (5.9)
Combining (5.8) and (5.9) we obtain from (5.7) that Un(ξ0) > 0.
6. Proof of the collision result for Navier BC
6.1. Auxiliary statements
Consider the following Stokes problem for smooth force density F:
−∆u+∇p = F,
∇ · u = 0,
(u− di) · n = 0,
(u− di)× n = −2β [D(u)n]× n.
(6.1)
Define energy functional:
EF(v) = 2
∫
|D(v)|2 + 1
β
∑
i=1,2
∫
∂Bi
|v − di|2 −
∫
Fv (6.2)
defined on the following class of functions:
A = {v| (v − di) · n = 0 on ∂Bi} .
One can easily prove the following statement:
Proposition 6.1. Let u solve Stokes problem (6.1). Then the following statements
hold true:
(i) u is a minimizant of EF on class A:
min
v∈A
EF(v) = EF(u).
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Fig. 3. Domains Ω∗ and Ω˜.
(ii) Drag force F(u) = ∫
∂Bi
σ(u, p)n · di may be evaluated by the following
formula:
F(u) = EF(u) +
∫
Fu.
We will also need the following Poincare type inequality:
Proposition 6.2. Let v be the function such that v · n = 0 on ∂Bi. Then∫
Ω∗
|v|2 < C
∫
Ω˜
|D(v)|+
∫
Γ
|v|2, (6.3)
where Ω∗ and Ω˜ are bounded domains such that Ω∗ ⊂ Ω˜ ⊂ Ωh, and the set Γ :=
∂Ω˜ ∩ ∂Bi is not empty (see Fig. 3).
Proof.
For the sake of simplicity we consider the case when Ω˜ and Ω∗ are symmetric with
respect to plane xy: if x = (x, y, x) ∈ Ω∗(or Ω˜), then xsym := (x, y,−z) ∈ Ω∗(or Ω˜).
STEP 1. Assume by contradiction that there exists such sequence
{vn : vn · n = 0 on Γ}
that ∫
Ω∗
|vn|2 = 1,
∫
Ω˜
|D(vn)| → 0 and
∫
Γ
|vn|2 → 0. (6.4)
Let V =
{
γ + Λ× x| γ,Λ ∈ R3} be the linear subspace of [L2(Ω˜)]3 (”rigid motion
space”) and Π :
[
L2(Ω˜)
]3
→ V is the corresponding projection operator. Introduce
wn := (I −Π)vn. Then for all n there exit γ,Λ ∈ R3 such that
vn(x) = γn + Λn × x+ wn(x). (6.5)
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STEP 2. We claim that
‖wn‖2H1(Ω˜) =
∫
Ω˜
|wn|2 + |∇(wn)|2 → 0. (6.6)
Indeed, the functions wn satisfy the Korn inequality (see, e.g., Theorem 2.5 in
26):∫
Ω˜
|∇wn|2 ≤ C
∫
Ω˜
|D(wn)|2. (6.7)
On the other hand, functions wn are orthogonal in
[
L2(Ω˜)
]3
to V and, thus, they
are orthogonal to constant three-dimensional vectors. It means that the avarage of
each component of wn in Ω˜ is zero and Poincaret inequality implies that∫
Ω˜
|wn|2 < C
∫
Ω˜
|∇(wn)|2 (6.8)
Collecting togeather (6.7), (6.8) and D(wn) = D(vn) we get (6.6).
STEP 3. We claim that there exists a sequence {nk ⊂ N}+∞k=1
γnk → 0 and Λnk → 0 as k → +∞. (6.9)
Indeed, V is a finite dimensional space equipped with L2-norm. The sequence
{γn + Λn × x = vn − wn}
is bounded in
[
L2(Ω˜)
]3
and, thus, there exists a convergent subsequence
γnk + Λnk × x→ γ + Λ× x.
From
∫
Γ
|vn|2 → 0 and that Γ contains peace of the sphere ∂Bi we get∫
Γ
|γ + Λ× x|2 = 0⇒ γ + Λ× x = 0 for all x ∈ Γ (6.10)
and since span of all vectors x ∈ Γ coincides with R3 we get that γ and Λ are zero
vectors. This contradicts to the relation:∫
Ω˜
|vn|2 = 1. (6.11)
Remark 6.1. The inequality (6.3) without the integral over Γ∫
Ω∗
|v|2 < C
∫
Ω˜
|D(v)| (6.12)
is not valid for function v such that v · n = 0 on Γ. One can take nonzero vector
Λ ∈ R3\ {0} and the sequence:
vn = nΛ× (x− x1c)
Then vn · n = vn · (x− x1c) = nΛ× (x− x1c) · (x− x1c) = 0,
∫
Ω∗ |vn|2 = n2
∫
Ω∗ |Λ×
(x− xc)|2 → +∞, while |D(vn)| = 0.
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Corollary 6.1. For functions v: (v − di) · n = 0 the following holds∫
Ω∗
|v|2 < C
∫
Ω˜
|D(v)|+ C
∫
Γ
|v − di|2 + C < CE(v) + C. (6.13)
6.2. Proof of Theorem 4.2
We consider the following Stokes problem
−∆u+∇p = ∑i=1,2 fpdiδ(x− xip),
∇ · u = 0,
(u+ h′(t)di) · n = 0,
(u+ h′(t)di)× n = −2β [D(u)n]× n,
and the balance equation
mh′′(t)−Fdrag(u) + fp = 0. (6.14)
where Fdrag(u) = di ·
∫
∂Bi
2D(u)n − pn. The definition of Fdrag does not depend
on i = 1, 2.
STEP 1. First, we reduce the original system with singular force density to the
problem with regular one.
Denote K := −1/fph′(t). Consider the function u˜Φ defined as follows:
u˜Φ = −1
r
· ∂
∂z
[χψΦ] er +
1
r
· ∂
∂r
[χψΦ] ez.
where χ : R3 → [0, 1] is C∞-function such that
χ(x) =
{
1, x ∈ Uλ/3(xip),
0, x ∈ Uλ/2(xip).
and ψΦ(r, z) : Rr × Rz → R:
ψΦ =
K
8pi
[
1√
(z − lp)2 + r2
− 1√
(z + lp)2 + r2
]
,
where lp = h + 2 + λ is a z−coordinate of a tail. Function u˜Φ solves the following
problem: 
−∆u˜Φ +∇p˜Φ =
∑
i=1,2
Kdiδ(x− xi)− F (x),
∇ · u = 0,
u˜Φ · n = 0,
u˜Φ × n = −2β [D(u˜Φ)n]× n.
(6.15)
for some scalar p˜Φ and C
∞ function F which support belongs to Ω∗ =
{ξ/3 < |x− xi| < ξ/2, i = 1, 2}. Consider u = −(1/K)u − u˜Φ. It satisfies the fol-
lowing problem 
−∆u+∇p = F (x),
∇ · u = 0,
(u− di) · n = 0,
(u− di)× n = −2β [D(u)n]× n.
(6.16)
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STEP 2. We will prove the following inequality:
Fdrag(u) < C(| lnh|+K2). (6.17)
Assume for simplicity K > 1.
1. We claim that ∣∣∣∣∫ Fu∣∣∣∣ < 14E(u) + C. (6.18)
where
E(v) = 2
∫
|D(v)|2 + 1
β
∑
i=1,2
∫
∂Bi
|v − di|2 (6.19)
Indeed, in view of (6.13)
∣∣∣∣∫ Fu∣∣∣∣ < KC
∫
Ω∗
|u|2
1/2 ≤ KC√E(u) + 1 < 1
4
E(u) + CK2. (6.20)
2. Consider EF (v) defined as follows
EF (v) = 2
∫
|D(v)|2 + 1
β
∑
i=1,2
∫
∂Bi
|v − di|2 −
∫
Fv (6.21)
Then from 1. we have that
EF (u) > 1
2
E(u)− CK2 (6.22)
Observe that
Fdrag(u) = EF (u) +
∫
Fu < EF (u) + 1
4
E(u) + CK2 (6.23)
≤ CEF (u) + CK2 < C min
(v−di)·n=0
E(v) + CK2 (6.24)
≤ C| lnh|+ CK2. (6.25)
And thus inequality (6.17) is proven.
STEP 3. The balance equation is
mh′′(t)−Fdrag(u) + fp = 0. (6.26)
The definition of Fdrag does not depend on i = 1, 2.
Due to Step 2 the following inequality holds:
mh′′(t)− Ch′(t) lnh(t) + C/h′(t) + fp < 0 (6.27)
Consider any ν > 0. Assume that h′(t) < −ν for all t ∈ (0, t?) and h′(t?) = −ν.
Then
mh′′(t)− Ch′(t) lnh(t) < −fp − C/h′(t) < −fp + C/ν (6.28)
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Then by the integration
mh′(t) < (−fp + C/ν)t+mh′(0)
+C {h(t)(lnh(t)− h(t))− h(0)(lnh(0)− h(0))}
< (−fp + C/ν)t+mh′(0).
Let us take −mh′(0) > C/νT +m(ν + h(0)/T ) then
mh′(t) < −fpt− C/ν(T − t)−mν −mh(0)/T. (6.29)
Thus t? > T and −h′(0) < −h(0)/T . Thus, time of collision Tcoll is less then T .
This completes the proof of theorem 4.2.
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